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ABSTRACT: In this chapter, we introduce a new approach on the concept of proportional fuzzy likelihood
ratio orderings, increasing and decreasing proportional fuzzy likelihood ratio orderings of triangular fuzzy
random variables are presented. Based on these orderings, some theorems are also established.

l. INTRODUCTION

Likelihood ratio ordering established in stochastic processes is very useful in developing bounds and
approximation for performance measures of stochastic systems. Two triangular fuzzy random variables R and T
with parameters means y,, p, and standard deviationso;, a, respectively, are ordered in the sense of likelihood
P{(RE-(0—1) 52-11,) 2 0 vV(RY + (0—1)o2-11p) < 0}
P{(TE—(0-1)02-112)> 0 v (T + (a-1)o2—p,) < 0}

ratio ordering, when the ratio of their probability density functions is

also an increasing function.

In this chapter, we discuss about the Proportional fuzzy likelihood ratio orderings of triangular fuzzy
random variables based on Kwakernaak’s [2] fuzzy random variables. The association of the paper is as follows.
In section 2, briefly mention the a-cut of the triangular fuzzy random variables with parameters mean p and
standard deviation o and some new definitions of the proportional, increasing and decreasing proportional fuzzy
likelihood ratio orderings are presented. In section 3, we prove some theorems of proportional, increasing and
decreasing proportional fuzzy likelihood ratio orderings are proved.

1.1Preliminaries
In this section some well - known basic definitions and notions will be discussed.

Definition:1.2.1
A fuzzy set A on the universal set X is defined as the set ordered pairs
A= {(x, pa(X)) : X €X, Ha(x) € [0,1]}, where y= pa(x) is its membership function.

Definition:1.2.2
The support of fuzzy set A is the set of all points x in X such thatpa(x)>0.
That is, Support (A) = {x eX/ pa(x) > 0}.

Definition: 1.2.3
The a-cut of o-level set of fuzzy set A is a set consisting of those elements of the universe X whose
membership values exceed the threshold level a. (i.e.,) Ay, = {X/ pa(X) >a}

Definition: 3.2.4

A fuzzy set A on R must possess at least the following three properties to qualify as a
fuzzy number.

i. A must be a normal fuzzy set

ii. A, must be closed interval for every a.e [0,1]

iii. The support of A, °*A must be bounded.

Among the various shapes of fuzzy numbers, triangular fuzzy number (TFN) is the most popular one. A TFN is
defined as follows:
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Definition: 1.2.5

Atriangular fuzzy number A = (aj, &, az) with a; ,ap, a3 €R a; < a, < ag, is a fuzzy number with
membership function
0 for x <a,
X—a,
a,-a
a; — X
a,—a,
0 for x> a,
It is easy to check that the a-cut of a TFN A = (ay, a,, as) is of the form A, = [a%, a%] with

pa(x) = fora, <x<a,

for a, < x<a,

a; = (- a)) a+aga; =— (A~ a)a+a3

Definition: 3.2.6
If R and T are triangular fuzzy random variables with means p,;, p, and standard deviations o3, o
respectively. Then R is said to be fuzzy likelihood ratio order of triangular fuzzy number (LRO) which is less
than (or) equal to T, if whenever s <tand u <.
Here,s = W—o1,t = Ho—o, U=y + ciandv = U + o3.
P {(RL- (a-1)o2—2) = 0 v (RY + (a—1)c, —up) < 0}

P {(Ty— (a—1)o1—p1) 2 0 v (T + (a—1)o1 —py) < 0}
< P{(Ry- (a-1)o1—p1) 20 v (RY + (a—1)or—pg) < 0}

P {(TL~ (a~1)o—p) 20 v (TY + (a—1)c, —up) < 0}
It can also be written as
P{(Ty—(a—1)o1—1,)2 0 V(TY + (0-1)o;—p, )< 0}

P{(Ri~(a=1)o1-1,)= 0 v(RY + (-1 -, )< 0}

P{(TH~(oa-1)05—41,)2 0 v (T! + (a-1)o;-1,) <0}
= P{RE—(0-1) 03 1) 20 V(RY + (o~ D)oy —11,) <0

We will write R <R° T.

Definition: 1.2.7
If R and T are triangular fuzzy random variables with means ;, p, and standard deviations o3, o, respectively,
and T has a log — concave function of the triangular fuzzy random variable. Then R is said to be log — concave
function of fuzzy likelihood ratio order of triangular fuzzy number (LCFLR), which is less than (or) equal to T.
if whenever s <t andu< v.
Here, S = W—0j, t= Ho—C2,U = g + 01 and v= 2 + oo
Since T is log — concave function of triangular fuzzy random variable.
ThenP {bT, + (1-b)T; } = P {(Ty)*} P {{(T)' "}
P {(bTy—(0—1)bo;-bp,) 20 v ((1 = b)T, + (a—1)(1 = b)o;—(1 — b)p,) < 0}
>P {((TE~(a-1)01-1,) 20 )"} P {((TY + (0-1)o;—1,)<0)' '}, 0<b<1
Now, (LCFLR) can be written as
P{(bTy—(0—1)bo;—bp,) >0 v ((1 = b)T; + (a—1)(1 — b)o;—(1 — b)p,)) <0}
P{RG-(a~1)o1—,) 20 V(RY + (0-1)o;—p,) < 0}
P{(bTy—(0—1)bo,—bp,) 20 v ((1 = b)T{ + (0-1)(1 = b)o,— (1 = b)p,)) < 0}
P{(Ri-(0—1)0,-11,) 20 v(RY + (a-1)o;—p,) <0}
(3.2.1)

And it can also be written as
P((TE—(o-D)oy—11,) 20 )} P((TY + (a-1)oy—1,) <0 ) )
P{(R{;—(a—l)ﬁl—ul)z 0 v (RY + (0-1)o;—p,) <0}

P{((TE—(oa-1)0y-1,) = 0 )"} P{((TY + (0-1)op—11,) <0 ) "}
P{(RL—(a—1)o,-11,) > 0 v (RU + (a-1)o,—11,) <0}

(3.2.2)
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Here, LCFLR of the equation (3.2.1) > equation (3.2.2), otherwise, is called LCONFLROTFN. It will write R
<FCFRR T andR <MCONFLR T respectively. Here, the constants b and (1-b) are the left and right part of the
triangular fuzzy number.In this chapter, we use the equation (3.2.1) only.

3.3. Proportional Fuzzy Likelihood Ratio Order of Triangular Fuzzy Random Variables
1.3.1 Proportional Fuzzy Likelihood Ratio Order
Definition: 1.3.1.1
If R and T are triangular fuzzy random variables with means u,, u, and standard deviations ay,0,
respectively. Then R is said to be proportional fuzzy likelihood ratio order of the triangular fuzzy number
(PFLR) which is less than (or)equal to T. if whenever s <tand u <.
Here, s = H1—01, t= Ho—o2, U=t o, V=1 + Gzand A<l
P {(Ri~ (0-1) oo—112) 2 0 v (R + (a—1)oo—po) < 0}
P{(\T'- (a—1) Ao1—Apy) >0 v ATV + (0—1) Aoy —hug) < 0}
< P{(Ri~(a-1) o1 —p) 2 0 v (RY + (0-1)o1 ) < 0}
P{(ATE— (0—DAo2—huz) 20 v (ATY + (0—1) Aoy—App) < 0}
It can be written as
P {(ATy— (a—Dro;—Ap,) 20 v (AT + (a—1)ro;—ip,) <0}
P{(Rh= (a-D)or—1,) 20 v (RY + (0-1)o1-h,) <0}
P {(ATh—(a—Dhop—hiy) 20 v (WTY +(a—1)hoz—My,) <0}
P {(RE-(a-1)o2-112) 20 v (RY +(0-1)op—11p) <0}
Here, the RHS is increasing in triangular fuzzy random variable for all 4 in (0, 1).
We will write R <"PR T,

3.3.1.1)

Theorem: 1.3.1.2

If R and T are triangular fuzzy random variables with means yu;, u, and standard deviations o;,0, respectively.
If R <"PROTPNT Thenug < py.

Proof:

If R and T are triangular fuzzy random variables with means ,, u, and standard deviations a;,0, respectively.
Whenever,

P{t; — 01 < R<py + 01} = P{(Rg— (a=1) 03— 1) 20 v (RY + (a-1)a3—;) < 0}

=P {(Ry—ao;—(py — 1)) >0 v (RY + a 0—(uy + 07)) <0} (3.3.1.2)
P {“1 — 01 = T< My + 01} = P{(T&‘_ (a_l)cl_ul) 20 v (To[cJ + (01—1)01—H1) < 0}
=P {(T(Jj—occsl—(ul - 01)) >0 v (T + ac,— (b, + 01)) <0} (3.3.1.3)

P{Hz — 03 < R < uz + 02} =P {(Rﬁ_(a_l)GZ_ p’z) 2 0 Vv (Rg + (a_l)cz_uz) < O}
= P{(Rﬁ—occz—(uz - (52)) >0v (RY + (xcz—(uz + 02)) <0}(3.3.1.4)
P{u, —o; ST < p, + 6} =P {(Ty— (a-1)o2 ) 20 v (T + (0-1)o2 1) < 0}
= P{(Tg;—acz—(uz —063))>0 v (TS + acy— (1, + 02)) <0}(3.3.1.5)
P{u, =0, AT <, +0,} =P {( ATE - (0—1)Aoz —Auz) 20 v (ATY + (a—1)Aoy— Auy) < 0}
=P{(ATt-olo, — Mp, —02))20 v OTY + aho,— Mu, + 62)) <0}(3.3.1.6)

pl(Bomo (52 o (Femo () sof a1

Let T, be the triangular fuzzy number of; Suppose, by contradiction, that pup > ur.

Since, P{u —oc < AT < u+0}=%P{,u—cS§S ,u+c},Where/1:%<l, a>1.
In triangular fuzzy random variable, this equation can be written as follows:

(1) If T is a triangular fuzzy random variable. Then

P{(AT:= (0-DAoy A pp) = 0v (ATY + (a—1)Aoy — Ap) < 0}

(2) If R is a triangular fuzzy random variable. Then
P {( AR}~ (0—1) Aoo—A 1p) = 0 V(ARY + (a—1)A oo— App) < 0}
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Where 1 = i <1,a>1.1t follows from the assumption that m:{;i‘;iﬂ;f:’:;“} is increasing in triangular fuzzy
random variable for all A1 in (0, 1). Hence, S (T;- R) =1 for each A in (0, 1). Here, S (T;- R) means that the

number of sign changes of the functionsT,and R. (i.e.,) R and T, are stochastically ordered for eachA in (0, 1). In
particular, by taking 4 ::‘—T <1. It follows that the triangular fuzzy random variables R and ”;—T are stochastically
R T

P have the same mean, ordinary stochastic order is possible. If they have the same
T
distribution. This contradicts (3.3.8) and hence uz < uy holds.

ordered. Since R and 2~

Theorem: 1.3.1.3:

If R <"™R T then u; — 0y < pp — cyandyy + oy < py + 03

Proof:

Supposeu; — o1 > U, — 0,. Let €; and €; be such that u, — 0, <€; < g — oy < € <min{y; + oy, Uy + 0y}
and letd € (0,1) such that p, — 0, < A €< g — oy < A €, < min{y + oy, pp + 0,}. By definition of PFLR
under thegiven condition, we get,

P {(ATi-aroy2 (i, — 02)) 20 v (ATY + adoy—A(n, + 02))<0}

P {(R{;—acz—( T 02)) >0 v (R‘O{ +ao,—(p, + GZ)) < 0}
P {(kTaL—OL?»Gl— 7‘(!41 - 01)) 20 v ()»TOP + o Aoy —A (“1 + 01)) < 0}
P {(R{;—acl—( = 01)) >0 v (Rg +a 01—(p1 + 01)) < 0}
P {(ATE-oho,—A" €) 20 v (ATY + ahoy—A(p, + 0;)) <0}
" P{RY-ao,—(, —02)) 20 v (RY + aoy—(p, +0,)) <0}
P{(ATi-oro1-A* €,)20 v (ATY + ahoy—A (i, + 61)) <0}

P {(R}—ao;—( [T 61))>0 v(RY +a 01—(u1 +0;)) <0}
Which is a contradiction to the definition of PFLR. Therefore, we must have
Uy — o1 < pp — a,. Similarly, it can be shown that u; + o1 < pp + 0.

Theorem: 1.3.1.4
If R and T are triangular fuzzy random variables with means y,, u, and standard deviationso;,0, respectively.
Satisfy R<"™R T if and only if R <"-RaT,a >1.

Proof: Since R<FRT
P {(ATy—(o—1)Ao;—Ap,) 20 v (AT + (a—1)ro;—ip,) <0}
P {(RE- (0-1)o1- 11,) >0 v (RY + (a-1)o;—p,) < 0}
P {(ATL- (0—=1)Ao—Ap,) 20 v TV + (0—1)hoz—Ap,) <0}
P{(Rk~ (a-1)0p—1,) 20 v (RY + (0-1)op—h,) <03
Where the RHS is increasing in triangular fuzzy random variable for all A in (0, 1).
Here, 1 = % <1,a>1. We get,

[P D220 v & + (@-1)2-1) < 0}
P {(RG- (0-1)o1- 1) 20 v (RY + (a-1)o1—p,) <0}

[P{(% (@1DZ+2)z0v (%+(a—1)%};—2) <0}

=

P{(RE—(a-1oz—1,) 20 v RY + (a-1)oz—41,) <0}
By using equation (3.3.1.8), we get
P {(aT;— (a—1) ac;—ap,) 20 v (aT; + (0-1) ac;—ap,) <0}
P{(Ri-(0~1) o;—11,) >0 v (RY + (0-1)o;—p,) <0}
P {(aTy—(0—1) acy—ap,) >0 v (T} + (0—1) ac,—ap,) <0}
P{RL- (0-1) 0,-11,) 20 v (RY + (o-1)o,—p,) <0}
Here, the RHS is increasing in triangular fuzzy random variable for all Ain (0, 1). Which implies that R <™®
aT.

Theorem: 1.3.1.5
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Let T be a triangular fuzzy random variable with mean y; and standard deviation o; and T is log — concave.
Then T <™RaT.
Proof: Since T is log — concave function of triangular fuzzy random variable with mean u; and standard
deviation a;. Then P{cT} + (1-¢)TY } = P {(TL)} P {(TY)!~*}
P {(cTy—(o—1)coy—cp,) 20 v (1 = )T, + (a-1)(1 = )o;—(1 = c)p,) < 0}
1—
> P {((T:~ (0-1) 63-1,) 20 ) IP{((TY + (0-1)o3—1,) <0 )} (33.1.9)
Here, the constants ¢ and (1-c) are the left and right part of the triangular fuzzy number.andaT is also a log —
concave function of triangular fuzzy random variable with mean ay, = u, and Standard deviation as; = o,.
We get
P {(abTy—(0—1)bo,—bp,) 20 v (a(1 = b)T{ + (a-1)(1 — b)o,—(1 — b)p,) <0} >
P {((aTi~(a-1)op—11,) 20 )"} P{((TY + (0-1)o,-1,) <0 )' "} (3.3.1.10)
Here, the constants b and (1-b) are the left and right part of the triangular fuzzy number.
By using the equation (3.3.1.1) in the equation (3.3.1.9) and (3.10). We get,
P {(abTy— (a—1)bo;-bp,) =0 v (a(1 = b)T{ + (a-1)(1 — b)o;—(1 — b)p,) <0}
P {(cTy— (a-1) coy—cp) 20 v (1 = )T + (a-1)(1 = )o;—(1 — c)u,) <0}
P {(abT&—(a—l)ch—bpz) >0v(a(l-b)TY + (a-1)(1 —b)o,~(1 — b)p,) <0}
P {(cTy—(a~1)co—cp,) 20 v ((1 = )Ty + (a-1)(1 — c)o,—(1 — c)u,) <0}
Which is implies that T <™RaT.

Theorem: 1.3.1.6

If R and T are triangular fuzzy random variables with means ,, u, and standard deviations a;,0, respectively.
Suppose that T has a log — concave function. Then R <™-* T

= R<RT,

Proof: Since R <™R T and T has a log — concave function. Then
P {(bTL- (a~1)bo;-bp,) 20 v ((1 - b)TY + (a-1)(1 — b)o;—(1 — b)u,) <0}
P{(RE-(a—1)o1- 1) 20 v (RY + (a-1)o1-k,) <0}
P{(bT:~(a~1)bo,— bp,) >0 v ((1- b)TY + (a-1)(1 — b)o,—(1 — b)u,) <0}
P{(Ri- (a-1)o;— 1) 20 v (RY + (a-Dop—h,) <0}
Here, b and (1 — b) are the left and right part of the triangular fuzzy number and 0 < b < 1.
Now, we use the relationship between 2 and b (A < b, 1 # 0). We get
P{(\Ty —(a—DAo—p, ) 20 v (1 =MT, + (a-1)(1 = Mo;— (1 —Wp,) <0}
P{(RE~ (a-1)o1— 1) 20 v (RY + (0-1o1—,) <0}
P {(ATy—(0—1)Ao— M1,) 20 v (1 = VT + (0-1)(1 = Vo~ (1 —Vp,) <0}
P{(RE- (a-1) 0p— 11,) 20 v (RY + (a-1)o,1,) <0}

Which implies that R <"™-R T,
3.3.2 Increasing and Decreasing Proportional Fuzzy Likelihood Ratio Order

Definition: 1.3.2.1
Let R be a triangular fuzzy random variable with mean p and standard deviation ¢. Then R is said to be
increasing proportional fuzzy likelihood ratio order of triangular fuzzy number (IPFLROTFN) R <'PF-ROTFNR |
P {(ARi—(a—1)ko;— Ay, ) 20 v (ARY + (a—1)ho;—Ay,) < 0}
P {(RG- (a-1)o1- ;) 20 v (R + (a-1)o1—p,) <0}
P {(AR:—(0—1)Ao,— Ay,) =20 v (RY + (0-1) Ao,—Ap,) <0}
P {(Rg—(a-1Doz—p,) 20 v (R + (a-1)o,—p,) <0}
the RHS is increasing in triangular fuzzy random variable for all 1 in (0,1).
By theorem (3.3.1.1), we have R <""™RR with means u;= u, and o,=0, respectively. It will be said that R is
decreasing proportional fuzzy likelihood ratio order of the triangular fuzzy number (DPFLR) R <°"":RR. If
P {(ARL—(0—1)Aoy— AMy)=0 v (ARY + (a—1)Ao;— A, ) <0}
P {(R4= (0-1)o1— ;) 20 v (RY + (a-1)o1—p,) <0}
P {(ARL—(a—~1)Ao,— Ay) =20 v (RY + (0-1)Aoy— Aw,) <0}
P{(Ri-(a-1) 0;—1,) 20 v (R{ + (a-1)o—p,) <0}
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the RHS is decreasing in triangular fuzzy random variable for all 4 in (0,1).

Theorem: 1.3.2.2:
Let R be a triangular fuzzy random variable with mean u; and standard deviation o;. The following
conditions are equivalent:1) R <"""FR 2)R<™MRaR, va>1.  3)R<THRR

Proof: Since R<'PFLRR

P {(ARE—(a~1)Ao; - lpl)z 0 v(ARY + (a-1)ko;— 7»”1)3 0}

P {(Rk—(0~1)o;—p, )20 Vv(RY + (0—1)o;—p, )< 0}

P {(kRﬁ—(a—l)KGZ—kuz) >0 v (AR} + (0—1)hoy—Ap,) <0}
P {(RE—(a-1)o,- p,) 20 v (RY + (a-1)o,-,) < 0}

the RHS is increasing in triangular fuzzy random variable for all A in (0,1).
By using equation (3.3.1.8), we get
PE- — @-DZ-120 v &+ (-1 2-1) < o)

A e A A

P{(RE- (@-Do1— 1) 20 v (RY + (a-Doj-p,) <0}
P{(%(CH)%LXZ) >0V (%+(a—1)%u—f) <0}
P {Rf~(a-Doz—1,) >0 v (R +(a—1)o2 —,) <0}

Put a= % a> 1, we get
P {(aRt—(a—Dac;—ap,) >0 v (aRy + (0—1)ac;—ap,) <0}

P{(Rh~ (a-1)o1— 1) >0 v (RY + (a-1)o1—,) <03
P {(aR{;f(afl)arxzfauz)Z 0 v(aR}lJ +(a71)aczfau2)£ 0}

P {(RE—(0—1)o2—115)2 0 v(RY +(a-1)op—p,)< 0}

Which implies that R <"f°aR, v a> 1. Hence, (1) = (2)
2) Since R<™"aR, va> 1.
P {(aR4— (a—1) ac;—ap,) >0 v (aRj + (0—1) ac;—ap,) <0}

P {(R§— (a-1)o;1— ;) 20 v (R{ + (a-1)o;— ;) <0}

P {(aRi—(a—1)ac,—ap,)= 0 v(aRY + (a—1)ac,— ap, )< 0}
P {(R,—(0~1)o,- uz)z 0 v(RY + ((x—l)csz—uz)S 0}

Here, the RHS is increasing triangular fuzzy random variable for all a >1.
Put a=3,a > 1, we get

L U
P(CE- — (- Z-y>0 v (2 + (-1 -1 < 0}

P{(R4- (a-1)o1—p,) 20 v (RY + (o-1)o3—p,) <0}
<

P{(RE= (@-1) 0~ 1) > 0 v (RY + (o-Doz1,) <0}

]

By equation (3.3.1.8),
P{(ARS—(0-1)Ao1-A )20 v (ARY + (a-1) A o1—A u1) <0}
P{(#;— (a-D)o1- 1) 20 v (R] + (a-D)o1-#,) <0}
< P{(UR~(a~DAa,-Au3)>0 v (ARY + (0-1)1 7y—A ) <0}
B P{(Re— (a-L)ap— #5) 20 v (Ry + (a-1) 7o) <0}
Where the RHS is increasing in triangular fuzzy random variable for all 7 < 1.
Which implies that R <"™R R. Hence, (2) = (3).

3) Since R <"™RR.
P {(ARE—(o—DAo1— ) 20 v (ARg + (0—1)Ao;— Ap,) <0}
P{(Re—(a—Do3—p) 20 v Ry + (a-1)o;—p,) <0}
_F {(ORE—(0—DAoy— Ap,) 20 v (ARY + (a—1)Aoy—hp,) <0}
T P{Re-(a-Dop- 1) 20 v (R{ + (a-Doy—p,) <0}
Here, the RHS is increasing in triangular fuzzy random variable forall 7 < 1and /= % a > 1. Which implies
that (IPFLR).Hence, R <™ R =R <"™RR Hence, (3) = (1).
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Theorem: 1.3.2.3
If Rand T are triangular fuzzy random variables with means « 1, #, and standard deviations o,0;
respectively. If R <R T and T is IPFLR. Then R <" R T,

3.16. Proof: Since R <™R T
P {(T'&—(a—l)cl—ul)z 0 \/(TttJ + (oc—l)ol—ul)ﬁ 0}

P {(Ri—(0—D)o1—1,)= 0 V(RY + (a-1)o;—,)< 0}

P{(Te—(0~1)oy—1,)=0 V(Ty + (0-1)o,—p,)< 0}
P{(Re—(a—D)or— 1,)>0 v(R{ + (0-1)o,—41,)< 0}

And if T is IPFLR. Then
P {(A\Ts—(a-1)Ao1-An ) 20 v ATy + (a—1)Ao;—Ap,) < 0}
P {(Te—(a—1)o1—41,) 20 v (Tg + (a—1)oy-p,) <0}
P {(ATe—(o—Dhop— Ap,)= 0 V(AT + (0—1)Aop— Ap,)< 0}
P{(Te—(0-1)oy— p,)>0 V(T + (a—1)op— p, )< 0}

Multiply the above two inequalities, we get
P{(ATe—(a—DAro1—Ap) 20 v (AT + (0—1)Ao;—Ap,) < 0}
P{(Ri— (0-D)o1— 1) 20 v (RY + (a-Dos—,) <0}
P {(ATE—~(a-1)2o2-Mpp) 20 v (ATg +(a—L)hog— hps,) <0}
= P{(Re—(a-Doz1,) 20 v (Rg+(a-1)op—hy) <0}

Which implies that R <P T,

Theorem: 1.3.2.4

Let R be a triangular fuzzy random variable with mean p and standard deviation c. Then R is IPFLR
(DPFLR) if and only if R is log — concave (log — convex).
Proof: We will prove the result for the DPFLR case; the IPFLR case can be proven in the same way.Suppose
that the triangular fuzzy random variable T is log — convex. Then

P{OTE+ (1-b)TY <P {(TH) P LTV (0<b=1)
P {(bTg—(a—1)bo;—by,) = 0 v ((1 — b) Ty + (0-1)(L — b)o;—(1 — b)y,) <0}

< P {((Th= (@=1)o1-11) =0 )} PL((TY + (0-1)oy—n,) <0)' '}

Here, the triangular fuzzy number (a;, a,, as) have the equal distance from the mean (a; = p). Therefore, the
middle point

of the triangular fuzzy number is =0.5= 4. By using definition (3.2.7) and definition (3.3.2.1), we get
P {(\RE—(oa—1D)Ao1—2pt,) 20 v (ARg + (a—1)Ao;— Ap,) <0}
P {(Re— (a-1)o1— 1) 20 v (R; + (a-1)o;—p,) <0}
_ P Ri—(a-1) 2 oy-A )20 v (ARY + (0-1) 1 gp—A 1) <0}
P{(Ri—(a—D)op— ) 20 v (Ry + (a—1)op—x,) <0}

Here, the RHS is decreasing in triangular fuzzy random variable for all .Z in (0, 1).
This implies that R is DPFLR.

Conversely, assume that R is DPFLR and Leta >1, / = % <1.
P{(AR,~(0-1)Aa1-Au1)20 v (ARY + (a-1)2 o1—4 y1) <0}
P{(RE~(0-1) 04— #1) 20 v RY + (a-1) oy~ 1) <0}
_ P Ri—(0—1)2 g,-A5) 20 v (ARY + (a-1)12 7y—4 y£,) <0}
- P{(Re—(a-D)gp- #2) 20 v (R} + (0-1)op—x5) <0}
Here, the RHS is decreasing in triangular fuzzy random variable for all .Z in (0, 1).
By equation (3.8),

bs+(1-2)
2
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L U
Rg (a—Dop 1 Rg , (a=Do1 1
P{(T_T_T 20V{SH—— 7 =0

TP {RE- (e-Do1- 1) 20 v R + (a-Dog—py) <0}

RE (6=Dop pp Rgl(a—l)cz Ho

~P{RE-(a-1) 53-19) >0 v (R + (a-Dop—11,) <0}

Then puta = 5 a> 1, we get
P {(aRy—(a—1)ac;—ap,) 20 v (aR; + (a—1)ac;—ap,) <0}
P{(Re—(a-1) 01— ) >0 v (R} + (a-1)o3—p,) <0}
_P {(@Rg—(a-1)acy-ap,) 20 v (aRY + (a—1)ac,-ap,) <0}
P{(Re~(0-D)op=1,) 20 v (R{ + (0-Doy—p,) <0}
Here,a=0.5= is the middle part of the triangular fuzzy random variable, b and (1-b) are the left and
right part of the log — convex triangular fuzzy random variable. Hence,
P{(bRE—(a—1)bo;—bp,) 20 v (1 — B)RY + (0-1)(1 — b)o;—(1 — b)p,)) <0}
P{(Re—~(a-Do1-py) 20 V(R + (0-1)os-,) <0}
P{(bR;—(a—1)bo,~bp,) >0 v ((1 — B)RY + (0-1)(1 — b)o,—(1 — b)p,)) <0}
P{(RE—(0-1)5,—41,) 2 0 v(RY + (0-1)o,-1,) <0}

Which implies that R <-“°N"'R R so that R is log — convex.
Hence, the proof.

s+(1-25)
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